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1 Introduction 

In these notes we deal with the class of Frobenius manifolds related to Hurwitz spaces of moduli of 
meromorphic functions on Riemann surfaces (see [2]). 

The key observation of the present paper is the identification of the isomonodromic tau-function 
(see [2], [3], [4], [5]) of this class of Frobenius manifolds with (— l/2)-power of the Bergmann tau- 
function which was introduced in [8] in rather different context. We show that the quadratic Hamil- 
tonian from [2] coincides (up to a constant) with the value of the Bergmann projective connection 
calculated in the natural local parameter at the critical point of the meromorphic function. This 
simple observation enables us to apply the results of [8] and explicitly calculate the isomonodromic 
tau-functions of Frobenius manifolds related to the Hurwitz spaces of moduli of meromorphic functions 
on surfaces of genus and 1. This immediately leads to general formulas for the G-function (see [4] 
and [5]) of the above Frobenius manifolds . (We recall that the G-function of a Frobenius manifold 
provides a solution of the so-called Getzler equation (see [7], [5]); for some classes of Frobenius mani- 
folds it plays a role of generating function of Gromov-Witten invariants of algebraic varieties ( [4] ) ; in 
the general case it describes first-order deformations of dispersionless integrable systems.) 

As a simple consequence we prove the recent conjecture of Strachan [13] which claims the following 
formula for the G-function of the Frobenius manifold C x C^ -1 x {9z > 0}/J(A N ^i): 

N + 1 

G = - \nr}(t ) ^~ tN - 

Moreover, using the results of [8], we get the expression for the modulus square of the isomonodromic 
tau-function (and, hence, for the real part of the G-function) in case of Hurwitz spaces in higher genus. 

The present work was inspired by [13] where an alternative approach to the calculation of the 
G-function of Frobenius manifold was developed. 



2 Preliminaries 

In this section we briefly outline some basic facts and definitions from the theory of Frobenius manifolds 
([2], [3], [4], [5], [11], [1], [10]). 

2.1 Hurwitz spaces and Frobenius manifolds 

Here we mainly follow [2], Lecture 5, departing somewhat from Dubrovin's original notation. Let 
Hg,N{ki, ■ ■ ■ , h) be the Hurwitz space of equivalence classes \p : C — > P 1 ] of iV-fold branched coverings 

p:£-*P\ (2.1) 

where £ is a compact Riemann surface of genus g and the holomorphic map p of degree N is subject 
to the following conditions: 

• it has M simple ramification points Pi, ... , Pm £ C with distinct finite images Ai, . . . , Am £ 
C c P 1 , 

• the preimage p _1 (oo) consists of I points: p _1 (oo) = {ooi, . . . , oo/}, the ramification index of the 
map p at the point ooj is kj (1 < kj < N). 
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(The ramification index at a point is equal to the number of sheets of the covering which are glued 
at this point, a point ooj is a ramification point if and only if kj > 1. A ramification point is simple 
if the corresponding ramification index equals 2.) 

Notice that k± + ■ ■ ■ + ki = N and M = 2g + l + N — 2. (The last equality is a consequence of 
the Riemann-Hurwitz formula.) Two branched coverings p\ : C\ — > P 1 and p 2 : C 2 — > P 1 are called 
equivalent if there exists a biholomorphic map / : C\ — > C 2 such that p 2 f = Pi- 

The Hurwitz spaces H g ^{ki, . . . ,ki) can be also described as spaces of meromorphic functions of 
degree N on Riemann surfaces of genus g with I poles of orders k±, . . . ,ki and simple critical values. 

For example, the space Ho t N(N) has an equivalent description as the space of polynomials C = 
F 1 B z^ X(z) G P 1 

A(*) =z N + a 2 z N ' 2 + a 3 z N ~ 3 + --- + a N , (2.2) 

whereas the space Ho^(k,N — k) (1 < k < N — 1) can be described as the space of "trigonometric 
polynomials" C = P 1 3 z i-> X(z) £ P 1 

X(z) =z k + b 1 z k - 1 + --- + ^; b N ^0. (2.3) 

We assume that the critical values of X(z) in (2.2) and (2.3) are simple (i. e. the derivative X'(z) has 
only simple roots and X{z{) 7^ X(zj) for distinct roots z±,Z2 of X'(z)). 

Introduce also the covering H g ^{k\, ... ,ki) of the space H g ^(ki, . . . ,ki) consisting of pairs 

[p : C P 1 ] G H g , N (k u . . . , ki) , {a a , b a } 9 a=1 

where {a a , b a }^ =1 is a canonical basis of cycles on the Riemann surface C. 

Obviously, for g = the spaces i?o,Ar(fci, ■ ■ ■ , k{) and //o,jv(&1) ■ ■ ■ ,h) coincide. 

The spaces H g ^{k\, . . . ,ki) and H g> ]sr(ki, . . . ,ki) are connected complex manifolds of dimension 
M = 2g + Z + iV — 2, the local coordinates on these manifold are given by the finite critical values of 
the map p (or, equivalently, the finite branch points of the covering (2.1)) Ai, . . . , Am- 

In [2] it was introduced the notion of so-called "primary" differentials on the Riemann surfaces 
£; each primary differential cj> defines a structure of Frobenius manifold M<p on H g ^(k\, . . . ,ki). We 
will not reproduce here the complete list of primary differentials (see [2]). We only notice that in 
the case g > 1 the normalized (f a ujp = 8 a p) holomorphic differentials up on Riemann surfaces C 
are primary differentials. The (meromorphic) differentials dz and — on the Riemann sphere C are 
primary differentials in cases of the spaces Hq^^N) and Ho t j\[(k, N — k) respectively. 

The structure of Frobenius manifold on H g ^{k\, . . . , k\) is defined by the multiplication law in 
the tangent bundle : d Xm o d Xn = 5 mn d Xm , the unity e = J2m=i 9 A m , the Euler field E = J2rLi A »A m 
and the one-form f^2 = Ylm=i |^ es ^m wnere ^ i s the coordinate on the C lifted from the 

base P 1 . The invariant metric rj(v, w) = ^^(vow) on the Frobenius manifold turns out to be flat and 
potential (i. e. Egoroff-Darboux metric). In the coordinates Ai, . . . , Am (which are called canonical) 
this metric is diagonal 

V=^2 Vmm(dX m ) 2 ; i] mm = Res Pm ( — J (2.4) 

m=l ^ ' 



and its rotation coefficients 7 mri = dxn ^_^ m . ( m ^ n ) have the following properties: First, they are 



independent of the choice of a primary differential <j>. Second, they satisfy the equations 

d\ k lmn = Imklkn, for distinct k, n, m; (2.5) 
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M 

e(7mn) = ^2 9 ^rnn = 0, (2.6) 
k=l 

which provide the flatness of metric (2.4). Finally, the action of the Euler vector field on ^ mn has the 
form 

M 

E(-y mn ) = ^2 \kd\ k Jmn = -Jmn- (2.7) 
k=l 

The following three examples of Frobenius manifolds related to Hurwitz spaces are of special 
interest, since they arise also in the theory of (respectively) Coxeter, extended affine Weyl and Jacobi 
groups (see [2], [3], [1]). 

• Mo ; n- The underlying Hurwitz space here is the space Ho t N(N). In this case g = 0, I = 1; the 
primary differential defining the structure of Frobenius manifold is dz. 

• M 0; k,N-k- The underlying Hurwitz space is Ho t N(k, N — k) (g = 0, I = 2, 1 < k < N — 1); the 
Frobenius structure is defined by the primary differential ^f. 

• Mi,n- The underlying space here is the covering H\^{N), g = 1, I = 1; the primary differential 
on the elliptic surface C is the normalized (J oo = 1) holomorphic differential u>. 

Due to [3], the first N — 1 flat coordinates of the metric rj in case of the Frobenius manifold 
Mo-k,N-k of dimension M = N are given by 

^ = (_i)M+i^ Res ^ =oo [\( z )f/ k dlnz, 1 < n < k - 1, 
A* 

= (-1)"^— ^Res z=0 [(-1)^(3)] " /(JV-fc) dlnz, 1 < n < N - k. 
A* 

The last flat coordinate t N is defined by the equation 

b N = (-l) N e W [(N-k)t N }. (2.8) 

To write down the flat coordinates on the Frobenius manifold M±-n (of dimension N + 1) set 
z{P) = J c ^ i uj, where ooi is the point on C such that p(ooi) = oo and \{z{P)) = p(P). Then the 
flat coordinates to, . . . ,i/v ar e given by (see [1]): t = j b uj = a, where a is the modulus of the elliptic 
curve C, h = f a \{z{P))dz{P) and 

t l t = Res z=0 z[\(z)}- l ^ L d\(z), n = 2,...,N. (2.9) 



2.2 Isomonodromic tau-function and G-function of Frobenius manifold 

Let be the Frobenius manifold with underlying Hurwitz space H g ^(ki, . . . ,ki) and the Frobenius 
structure given by a primary differential <f>. Set V = \ |7 mn | \ m ,n=i,...,M (the diagonal elements of the 
matrix T are not defined), U = diag(Ai, . . . , Am) and V = [T, U\. Here j mn are the rotation coefficients 
of the metric (2.4), Ai, . . . ,Xm are the canonical coordinates on M^. The matrix V is well-defined 
since the diagonal elements of F do not enter the commutator [T, U\. 
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The isomonodromic tau-function 77 of the Frobenius manifold is defined by the system of 
(compatible) equations 

— ^ = H m ; m = l,...,M, (2.10) 

OA m 

where the Hamiltonians H m are defined by 

H m = \ £ T-%-; m = l,...,M. (2.11) 

n^m;l<n<M 

Let t\,...,tM be the flat coordinates on the Frobenius manifold M^. The Jacobian J = detH^^H 
can be expressed as follows in terms of metric coefficients r] mm : 

(M \ V 2 / M , 2 \ X / 2 

n^/mm = II ReS ^|x ' (2 ' 12) 

m=l J \m=l / 

The G-function of the Frobenius manifold is defined as follows 

G = ln(^4-). (2.13) 

V J 24 J 

3 Isomonodromic tau-function of Frobenius manifold and Bergmann 
tau-function on Hurwitz space 

3.1 Rotation coefficients of the flat metric 77 and the Bergmann kernel 

First, we recall the definition of the Bergmann kernel. In the case g > the Bergmann kernel on 
the Torelli marked Riemann surface C is defined by B(P, Q) = dpd,Q In E(P, Q), where E(P, Q) is the 
prime-form on L (see [6]). At the diagonal P = Q the Bergmann kernel is singular: 



B(x(P),x(Q)) = ^-^—^ + H(x(P),x(Q)j dx(P)dx(Q), (3.1) 

where 

H(x(P), x(Q)) = ±S B (x(P)) + o(l) (3.2) 

as P — > Q. Here x{P) is a local coordinate of a point P G C, Sb is the Bergmann projective connection 
(see, e.g., [6], [14]). 

If g = and z : C — > P 1 is a biholomorphic map then the Bergmann kernel is defined by 

swum- dz(PmQ) 



(z(p)-z(cnr 

(In particular Sb(z) = in the local parameter z.) 

Near a simple ramification point P m G C of covering (2.1) we introduce the local parameter 

x m (P) = (A(P)-A m ) 1/2 , (3.3) 

where A(P) = p(P), \ m = p(P m ); m = 1, . . . , M. 
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Let U(P m ) and U(P n ) be small neighborhoods of ramification points P m and P n . For (P,Q) £ 
U(P m ) x U{P n ) we set 

. (pn ,_ B(x m (P),x n (Q)) 
t> mn {P,Q)- dXm{P)dXn{Q) ■ 

Lemma 1 (cf. [9]) The rotation coefficients ^ mn of the metric r) = ^^ =1 Resp m (<^) ( c ^ m ) 2 are 
related to b mn (P, Q) as follows 

"Imn 



— 2 ^mti (Pm j Pn ) ! 



m,n = 1, . . . , M; m / n. 



(3.4) 



Proof. For </ > 1 the proof is contained in [9]. In brief, it looks as follows: Since the rotation 
coefficients are independent of the choice of a primary differential 4>, it is sufficient to verify (3.4) only 
in the case <j> = u>\, where oj\ is the holomorphic differential on C such that f oj\ = S\ a . For such a 
primary differential we have 



Vr, 



Res P „ 



dX 



1 


ui(x m (P)) 




2 


dx m (P) 


P=Pm 



Now (3.4) follows from the definition of rotation coefficients and the Rauch formula: 



d 
dX n 



ui(x m (P)) 



dx m (P) 



P=Prr 



— 2^mni.Pmi Pn) 



~ui(x n (P)) 




[ dx n {P) 


P=P n _ 



Consider the case g = 0. Let z : C — > P 1 be a biholomorphic map such that z(ooi) = oo. Then 
is a primary differential in the sense of Dubrovin. For this primary differential 

[z'(x m )dx m f 1 r ,2 



Res Xri 



2^W 



J' 



(3.5) 
= dz 

(3.6) 



IXfyidXfyi 

Let us prove an analog of Rauch's variational formula for the meromorphic differential dz. Setting 



tty, 



%m — 
d 



, we get 



{dz} 



_d_ 

oxZ 



(a m + 0( V / A- A m )) 



dX 



1\J X — X r , 



>mn^m 

2x™ 



+ 0(1) dx 



as x m — > 0. Thus, the meromorphic differential ijx^dz has the only pole at P n and, therefore, 

"5(P,x„)z / (x n ) 



On the other hand as P 



— ► P m for m ^ n, we have 



x n =0 



(3.7) 



(3.8) 



/ <9a r , 



+ 0(x m ) I <ix 

m • 



<9A n <9A n V 9X n 

Thus, due to (3.8), we get the following analog of the Rauch formula (3.5): 



dX n 



-dz(x r 



dx r 



1 



bmn{Pmt Pn)ctn- 



(3.9) 



Now (3.4) follows from (3.6), (3.9) and the definition of rotation coefficients. □ 

Remark 1 Lemma 1 clarifies properties (2.5) - (2.7) of the rotation coefficients. Namely, property 
(2.5) is nothing but the Rauch variational formula for the Bergmann kernel, equations (2.6) and (2.7) 
follow from the invariance of the Bergmann kernel under the translations A i— > A + e and (respectively) 
dilatations Am (1 + 5)X of every sheet of the covering (2.1). 
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3.2 The Bergmann tau-function 

Introduce the quantities 

! 

; m = l,...,M, 



Bm = -J^SB{Xm) 



%m — 

where Sb is the Bergmann projective connection from (3.2), usually, the local parameter 

(3.3) near the ramification point P m . In [8] it was introduced the so-called Bergmann tau-function tb 
on the Hurwitz space H g ,N which is defined by the system of equations: 

— ^=B m ; m = l,...,M. (3.10) 

The local solvability of system (3.10) can be obtained, in particular, from the symmetry of the 
Bergmann kernel and the first statement of the following lemma. 

Lemma 2 The quantities B rn satisfy the following equations: 

d\ n B m = -^b 2 mn {P m , P n ), m^m, (3.11) 

M 

e(B m ) = Y,dx n 13m = 0, (3.12) 

71=1 

M 

E{B m ) = Kd Xn B m = -B m . (3.13) 

n=l 

Proof. Since the singular part of the Bergmann kernel in a neighborhood of the ramification point 
P m is independent of {A n }, we have 

dx n B m = -\ {d Xn b mm (P, Q)} . (3.14) 

Computing the r.h.s. of (3.14) via the Rauch formula for the Bergmann kernel: 

dx m bnk(P, Q) = \b nm {P, P m )b mk (P m , Q) , (3.15) 

we get (3.11). 

Under the translation A i— > A + e and the dilatation A i— > (1 + <5)A of each sheet of covering (2.1) (the 
both transformations generate conformal isomorphisms of C) the Bergmann kernel remains invariant: 

£ e (P e , Q e ) = B S (P S , Q 5 ) = B(P, Q). 

We have the following transformation rules for the local parameter x m and the critical values X m : 

x< m (n = x m (P), x s m (P s ) = (l + 6) 1 / 2 x m (P); A^ = A m + e, \ s m = (l + S)X m . 

Therefore, the function H from (3.1) transforms as follows: 

H e (x e m (P £ ), x e m (Q e )) = H(x m (P),x m (Q)) (3.16) 
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and 

H s (x 5 m (P s ),x s m (Q 5 )) = -L^H(x m (P),x m (Q))- (3-17) 
Differentiating equations (3.16) and (3.17) with respect to e and S respectively, we get 

d J£. - V — 
~de~ ~ ^ ~d\: 



and 

Hf = ^ M = -jTTW H - (3 - 19> 

Setting in (3.18) and (3.19) e = and 5 = and, then, P = Q, we get (3.12) and (3.13). □ 
3.3 Relation between t b and 77 

The following simple observation provides a basis of this work. 

Proposition 1 The Bergmann tau-function tb from [8] and the isomonodromic tau-function 77 are 
related as follows 

ri = {tbY 1 ! 2 . (3.20) 
Proof. Let H m be the quadratic Hamiltonians from (2.11). Due to lemmas 1 and 2, we have 

= g ^2 b 2 nn (P m -, i- , „)(A m — A n ) = — - {^m — ^n)d\ n B m = — - I \ m ^ d\ n B m — A nd\ n B n 



M 



n=l 

which proves (3.20). □ 



3.4 The Bergmann tau-function for coverings with arbitrary branching over the 
point at infinity 

In [8] the Bergmann tau-function tb was explicitly calculated in cases of Hurwitz spaces Hq^(1, . . . , 1) 
and Hi^n^I, . . . , 1). In higher genera (i. e. for the spaces Hg t N(l, . . . , 1) with g > 2) in [8] there were 
found expressions for the modulus square \tb\ 2 • (It should be noted that in [8] the general situation 
of Hurwitz spaces of coverings with higher multiplicities of the finite branch points was investigated. 
This general case corresponds to nonsemisimple Frobenius manifolds which are not considered here.) 

A slight modification of the proofs from [8] leads to the explicit formulas for the Bergmann tau- 
function for the Hurwitz spaces i?o,Ar(fci, . . . , h) and H\^{k\, ■ ■ ■ , h) of coverings with the branching 
of type (fei, . . . , ki) over the point at infinity. (Coverings from H g ^{l, . . . , 1) considered in [8] have no 
branching over the point at infinity.) 
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First, consider the case g = 0. Let [p : C — > P 1 ] G H Q ^(k\, . . . , k{). Let also z : C 
biholomorphic map such that z(oo±) = oo and 

z(P) = [\(P))] 1 ^+0(l), 

as P — > ooi, where A(P) = p{P). 

Introduce the local parameter ( s near the point oo s with s > 2: 



be a 



(3.21) 



C.(P) = A- 1 /*.(P). 

The map z near the point oo s [s > 2) is a holomorphic function of £ s . Near the simple ramification 
point P m the map z is a holomorphic function of the local parameter x m from (3.3). The next 
statement is a modification of Theorem 6 from [8]. Its proof is essentially the same. 

Proposition 2 The Bergmann tau-function on the Hurwitz space i?o,Ar(fci, . . . , k\) is given by the 
following expression 



tb 



n 



s=2 I dC. 



dz 



\ fes + 1 12 

<«=<v I 



nM dz 
m=l dx m 



X m =0 



(3.22) 



Let now g = 1 and [p : C -► P 1 ] G Hi,N(h, fcj), where >C is an elliptic Riemann surface. Let w 
be a holomorphic (not necessarily normalized) differential on C. Introduce the notation 



s ~ dUP) 



P=oo s 



and 



fm — 



u(x m (P)) 



dx m (P) 



P=Prr. 



; m = l,...,M. 



Let <t be the modulus of the elliptic surface £. Define the Dedekind eta- function by 



1/2' 
1/2 



(Z,ff) 



2=0 



1/3 



The next statement is a modification of Theorem 5 from [8] . 

Proposition 3 The Bergmann tau-function on the Hurwitz space H\^{k\, . . . ,k{) is given by 



T B = r, 



ITUi^ 



k s +l 1 12 



Ilm=l fn 



(3.23) 



Due to Riemann-Hurwitz formula the r. h. s. of (3.23) is independent of normalization of the 
holomorphic differential u>. 

Remark 2 The way to obtain (3.22) and (3.23) in [8] was somehow indirect. Namely, these formulas 
were deduced from the study of the appropriately regularized Dirichlet integral S = ^ Jjr \4>x\ 2 , where 
e^|<iA| 2 is the flat metric on C obtained by projecting down the standard metric \dz\ 2 on the universal 



covering C. The derivatives of § with respect to the branch points can be expressed through the values 
of the Schwarzian connection at the branch points; this reveals a close link of § with the modulus of 
the Bergmann tau-function. On the other hand, the integral § admits an explicit calculation via the 
asymptotics of the flat metric near the branch points and the infinities of the sheets of the covering. 
Moreover, it admits a "holomorphic factorization" i.e. it can be explicitly represented as the modulus 
square of some holomorphic function, which allows one to compute the Bergmann tau-function itself. 

To prove relations (3.22) and (3.23) directly (i. e. without any use of Dirichlet integrals) remains 
an open problem. 

4 G-function of Frobenius manifolds related to Hurwitz spaces in 
genera and 1 

4.1 The general formulas for the G-function 

The following two theorems are immediate consequences of propositions 2, 3 and 1. 

Theorem 1 The G-function of the Frobenius manifold with underlying Hurwitz space Ho^(ki, ■ . . ,ki) 
and the Frobenius structure given by a primary differential (ft can be expressed as follows: 



G = 7TT In < 

24 



ni 



nM dz 
m=l dx m 



X m =0 



dz 

s=2 I d( s 



k s +l 



(n^Re SPm g) 



(4.1) 



Theorem 2 The G-function of the Frobenius manifold with underlying Hurwitz space fli,jv(&i, ...,&/) 
and the Frobenius structure given by a primary differential (f> can be expressed as follows: 



G = — In < 
24 



rim=l fn 



[nU^ +1 (n^Resp.g) 



In rj(a) 



(4.2) 



4.2 Examples 
4.2.1 M 0; n 

The Frobenius manifold Mo ; at is isomorphic to the orbit space C^ -1 / ^4at_i of the Coxeter group ^4jv-i 
(see [2]). 

In this case I = 1 and the first factor at the denominator of (4.1) is absent. As a map z we can 
take one given by (2.2), so 




M 



TT .. . [ z { x m)]^dx Ti 

11 Res - m =0 Yr 

vm=l m 



48 



M 



const Y\ 



\m=l 



dz 



j_ 

24 



X m =0 



and, therefore, G = const. 
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4.2.2 M 0;k , N -k 



According to [3], the Frobenius manifold Mo^jv-fc is isomorphic to the orbit space of the extended 
affine Weyl group W k {A^^i). 

i 

In this case I = 2, z is given by (2.3). Using the equality C2 = A N ~ k , we get 

7V-fc+l 



dz 1 dX 



1 



d( 2 \> z d( 2 b N + 0(z)\( 2 



1 



6jv + o(z; 



JV-fc+1 

.[ fo7V + ( z )]Tv^ 



as z — > and 



d(~2 



(2=0 



- h N ~ k - 

— o N , 



dz 
d(~2 



C2=0 



k 2 +i 

-4r- N-k+i 

_ , 24(JV-fc) 
— »AT 



Since 



, we have 



48 



vm=l 



= const 



ttM dz 
1 lm=l <ir m 



x m =0 



(llm=l 7m) 



where 7™ = z(P m ) are the critical points of the map X(z). 
On the other hand, M = 2g + l + N-2 = N and 



(k-N)b N _ kjtfUiz-j. 

z N-k+l 



\'(z) =kz k ~ 1 + ■■■ + 



z N-k+l 



Therefore, 



M 



k H lm = ±(N-k)b N 



m=l 



and (up to a constant independent of {A^}) 



G 



in agreement with the main result of [13]. 



1 ln&jv 
24 N - k 



4.2.3 Mi 



N 



The Frobenius manifold M± : n is isomorphic to the orbit space C x C^ -1 x {Qz > 0}/J(^4at_i) of the 
Jacobi group J(A/v-i) (see [2] and [1]). 

In this case I = 1, M = N + 1. Following [1], we start the enumeration of the flat coordinates from 
0. We have 



k 2 \ 48 



n=l / \m=l 



j_ 

24 



M 



j_ 

24 



P=Prr. 



\m=l 



On the other hand, since Ci = A 



t N = Res 2=0 (z[A(z)]- i ^ i dA(z)) = Res fl=0 (*(Ci)|jr) = ^(Ci)| (l=0 = &i 



11 



and 

, / x N + 1 

G = -ln?7(io) ^p tiV > 



which proves the conjecture from [13]. 



5 Some remarks on higher genus case 

Here we give a formula for the modulus square of the tau-function of Frobenius manifolds related to 
the Hurwitz spaces H g ^{k\, . . . , k{) with g > 2. From this formula one can derive an expression for the 
real part of the corresponding G-function. For simplicity, we consider only the case k± = ■ ■ ■ = ki = 1, 
the results in the general case differ insignificantly. 

If the covering C has genus g > 1 then it is biholomorphically equivalent to the quotient space M/T, 
where H = {z G C : 9z > 0}; T is a strictly hyperbolic Fuchsian group. Denote by 7rp : H ^ £ the 
natural projection. Let x be a local parameter on C Introduce the standard metric of the constant 
curvature —1 on C: 

^W = S, (5-1) 

where z£i, ttf( z ) = P, x = x(P). 

Denote by £ = 1/A the local coordinate in a neighborhood of the infinity of any sheet of covering C. 
Introduce functions x ext (X, X), X mt ( x m, x m ), m = 1, . . . , M and Xfc°(C> ()■> k = 1, . . . , N by specifying 
x = A, x = x m and x = ( (in a neighborhood of the point at infinity of kth sheet) in (5.1) respectively. 

Consider the following domain on fcth sheet of C: C k p = {A G C k : Vm |A — A m | > p h |A| < l/p}, 
where A m are all the branch points which belong to the k-th. sheet C k of the covering C (The sheet 
C k can be considered as a copy of the Riemann sphere P 1 with appropriate cuts between the branch 
points; the domain C k is obtained from C k by deleting small discs around branch points belonging to 
this sheet, and the disc around infinity.) 

The function xt xt '■ & ~~ * ^ ^ s smooth in the domain C k for any sufficiently small p > 0. This 
function has finite limits at the cuts (except the endpoints which are the branch points); at the branch 
points and at the infinity there are the following asymptotics 

\dxxT\\ A)| 2 = \\\ - A m |" 2 + 0{\\ - A m |" 3 / 2 ) (5.2) 

as A — > A m and 

|a AX r(A,A)| 2 = 4|Ar 2 + 0(|A|- 3 ) (5.3) 
as A — > oo. We define the "truncated" integral T p by 

N 



E / \^ x x% xt \ 2 \dX^dX\/2. (5.4) 

k=l Jc p 



Then there exists the finite limit 



reg 



/(|XA| 2 + e x )|dAAdA|/2 = lim f T p + V f e x ^* \d\ A d\\/2 + (8A^ + 4M)irlnp \ . (5.5) 
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Define the function §^ by 



i r r } -\ M i N 

S F {\ lt ...,\ M ) = — jreg ^(IxaI 2 + e x ) MA A dA|/2 J + - £ X m \x n ) ^ - 3 £ X?(0 ( () 

(5.6) 

and introduce the determinant of Laplacian operator (in the Poincare metric) detA = exp{— C'(0)}, 
where ((s) is the zeta-function of the Laplacian on the Riemann surface C 

Let B be the matrix of 6-periods of the Riemann surface C. 

The following theorem is a consequence of Theorem 9 from [8] and Lemma 1. 

Theorem 3 Let g > 2. The modulus square of the isomonodromic tau-function on H g ^(l, . . . , 1) has 
the following representation 

Remark 3 At the moment we don't know the explicit holomorphic factorization (similar to that in 
genera and 1) of the r. h. s. of (5.7). Finding of such a factorization seems to be of great interest. 

Let be the Frobenius manifold with underlying Hurwitz space H g . . . , 1) and the Frobenius 
structure given by a primary differential <p. From Theorem 3 it follows that the real part of the G- 
function of is given by 

v ' m=l 
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